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Abstract 

Jorge-Koutrofiotis [ 14] & Pigola-Rigoli-Setti 11231 proved sharp sectional 
curvature estimates for extrinsically bounded submanifolds. Alias, Bessa and 
Montenegro in Q, showed that these estimates hold on properly immersed 
cylindrically bounded submanifolds. On the other hand, in [1], Alias, Bessa 
and Dajczer proved sharp mean curvature estimates for properly immersed 
cylindrically bounded submanifolds. In this paper we prove these sectional 
and mean curvature estimates for a larger class of submanifolds, the properly 
immersed ^-bounded submanifolds, Thms. I2.3I & I231 Thse ideas, in fact, we 
prove stronger forms of these estimates, see the results in section |4] 

keywords: Curvature estimates, 0-bounded submanifolds, Omori-Yau pairs, 
Omori- Yau maximum principle. 

Mathematics Subject Classification 2010: Primary 53C42; Secondary 35B50 



1 Introduction 

The classical isometric immersion problem asks whether there exists an isometric 
immersion (p : M — > N for given Riemannian manifolds M and N of dimension 
m and n respectively, with m < n. The model result for this type of problem is 
the celebrated Efimov-Hilbert Theorem iflD . 03] that says that there is no iso- 
metric immersion of a geodesically complete surface M with sectional curvature 
Km < — 8 2 < into M 3 , 8 G R. On the other hand, the Nash Embedding Theorem 
shows that there is always an isometric embedding into the Euclidean ra-space W 
provided the codimension n — m is sufficiently large, see ifTTl . For small codimen- 
sion, meaning in this paper that n — m<m—\, the answer in general depends on the 
geometries of M and N. For instance, a classical result of C. Tompkins [27 ] states 
that a compact, flat, m-dimensional Riemannian manifold can not be isometrically 
immersed into M 2m_1 . C. Tompkin's result was extended in a series of papers, by 
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Chern and Kuiper 0, Moore GU, O'Neill [H, Otsuki (201 and Stiel (H, whose 
results can be summarized in the following theorem. 

Theorem 1.1 (C. Tompkins et al.) Let q>: M ^ N be an isometric immersion of 
compact Riemannian m-manifold M into a Cartan-Hadamard n-manifold N with 
small codimension n — m<m—\. Then the sectional curvatures ofM andN satisfy 



sup Km > inf Kn . (1) 

M N 

L. Jorge and D. Koutrofiotis [14], considered complete extrinsically bounded^ 
submanifolds with scalar curvature bounded from below and proved the curvature 
estimates ©. Pigola, Rigoli and Setti [23] proved an all general and abstract 
version of the Omori-Yau maximum principle (SJ, |[28l and in consequence they 
were able to extend Jorge-Koutrofiotis' Theorem to complete m-submanifolds M 
immersed into regular balls of any Riemannian «-manifold N with scalar curvature 

bounded below as s M > -c ■ p 2 M ■ U k j= i (log 0) (pj) , P M > 1. 
Their version of Jorge-Koutrofiotis Theorem is the following. 



Theorem 1.2 (Jorge-Koutrofiotis & Pigola-Rigoli-Setti) Let (p: M N be an 

isometric immersion of a complete Riemannian m-manifold M into a n-manifold 
N, with n — m < m — 1, with <p(M) C B^{r), where Bp){r) is a regular geodesic ball 
ofN. If the scalar curvature ofM satisfies 



7=1 



(2) 



for some constant c > and some integer k > 1, where p M is the distance function 
on M to a fixed point and log' 7 *' is the j-th iterate of the logarithm. Then 



supK M > C b (r) + inf K N , 



(3) 



where b = sup B ^ ^ K™ d < b 
C b (t) 



' Vbcot(Vbt) 
l/t 

\/^coth(\/ 



ifZ?>0and0<?<7T/2^ 

ifZ7 = 0and?>0 (4) 

if b < and t > 0. 



Meaning: immersed into regular geodesic balls of a Riemannian manifold. 
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Remark 1.3 IfB(r) C N n (b) is a geodesic ball of radius r in the simply connected 
space form of sectional curvature b, dB(r) its boundary and (p : dB(r — e) — > B(r) 
is the canonical immersion, where £ > is small, then we have 



sup K M =KdB{ r -e) 



'b/sin 2 (Vb(r-e)) ifb>0 
l/(r-£) 2 ifb = 



-b/sinh 2 {yf^b(r-e)) if ft < . 

Therefore, sup M K M - [Cf (r) + MK N n^} = [Cf(r - e) -Cf(r)] ->• as £ ->• 0, 
showing that the inequality ij sharp. 

Remark 1.4 0«e may assume without loss of generality that sup m Km < °°. This 
together with the scalar curvature bounds (O implies that 

K M > -c 2 p 2 M f\ (logW(p M )) 2 , p M » 1 

7=1 

for some positive constant c > 0. This curvature lower bound implies that M is 
stochastically complete, which it is equivalent to the fact that M hold the weak 
maximum principle, (a weaker form of Omori-Yau maximum principle, see details 
in H22\l ). and that is enough to reproduce Jorge-Koutrofitis original proof of the 
curvature estimate (0). 

Recently, Alias, Bessa and Montenegro extended Theorem 1 1.21 to the class 
of cylindrically bounded, properly immersed submanifolds, where an isometric 
immersion (p : M N x M. e is cylindrically bounded if <p(M) C fijv( r ) x Here 
Bff(r) is a geodesic ball in /V of radius r > 0. They proved the following theorem. 

Theorem 1.5 (Alias-Bessa-Montenegro) Let (p: M ^ N xM. £ be a cylindrically 
bounded isometric immersion, <p(M) C B^(r) x R , where B^(r) is a regular geodesic 
ball ofN and b = s\xpK™^,y Let dim(M) = m, dim(A^) = n — £ and assume that 
n — m<m — i—\. If either 

i. the scalar curvature ofM is bounded below as (0), or 



ii. the immersion (p is proper and 

sup ||a|| < a(t), (5) 

tp-'(B N (r)xdB R ,(t)) 

where (X is the second fundamental form of (p and o : [0, +°°) — > R i s a positive 
function satisfying dt/o(t) = +°°, then 

sup£ M >Cf(r)+ inf K N . (6) 

M B N (r) 
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Remark 1.6 The idea is to show that the hypotheses, in both items i. & ii. implies 
that M is stochastically complete, then Remark \L4\ applies. 

In the same spirit, Alias, Bessa and Dajczer |T], had proved the following mean 
curvature estimates for cylindrically bounded submanifolds properly immersed into 
N x M £ immersed submanifolds. 

Theorem 1.7 (Alias-Bessa-Dajczer) Let (p: M — >■ N xM e be a cylindrically bounded 
isometric immersion, (p(M) C B^{r) x R^, where Bf^(r) is a regular geodesic ball 
of N and b = sup K T ^ r y Here M and N are complete Riemannian manifolds of 
dimension m and n — £ respectively, satisfying m > 1+ 1. If the immersion (p is 
proper, then 

sup\H\ > (m-t)-C h (r). (7) 

M 



2 Main results 

The purpose of this paper is to extend these curvature estimates to a larger class 
of submanifolds, precisely, the properly immersed 0-bounded submanifolds. To 
describe this class we need to introduce few preliminaries. 



2.1 -bounded submanifolds 

Consider G G C°°([0,°°)) satisfying 



i r + °° l 

G_eL 1 (R + ), H G-(s)ds < - on R+ (8) 
Jt 4 

and h the solution of the following differential equation 

r h"( t )-G(t)h(t)=o, 

\ h(0)=0, h'(0) = l. { ' 

In ||6j Prop. 1.21], it is proved that the solution h and its derivative h! are positive 
in M + = (0,°°), provided G satisfies © and furthermore h — > +oo whenever the 
stronger condition 

G j > -tt onK + (10) 
As 2 



holds. Define (j) h G C°°([0,oo)) by 



<k(t)= / h(s)ds. (11) 
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Since h is positive and increasing in M + , we have that lim^^o <ph{t) = +°°- More- 
over, <ph satisfies the differential equation 

^(0-^(0*4(0 = 

for all t £ [0,°°). 

Notation. In this paper, N will always be a complete Riemannian manifold with 
a distinguished point zo and radial sectional curvatures along the minimal geodesic 
issuing from zo bounded above by K™ d (z) < —G(pn(z)), where G satisfies the 
conditions ([8]). Let h be the solution of © associated to G and <ph = f h(s)ds. 
Finally, Pn(z) = distAr(zo,z) will be the distance function on N. For any given 
complete Riemannian manifold (L,yo) with a distinguished point yo and radial 
sectional curvature^] bounded below (K™ d > —A 2 ) and £ € (0, 1) consider the subset 
ft&(e) CNxL given by 

ft^(e) = {(x,y) G A 7 x L: fa{p N (x)) < log(p L (y) + l) 1 " 6 } . 

Here p L (y) = dist L (y ,y), y G L. 

Definition 2.1 An isometric immersion (p: M ^ N x Lof a Riemannian manifold 
M into the product N x L is said to be ^-bounded if there exists a compact K C M 
and ee (0,1) such that <p(M\K) C Hft(e). 

Remark 2.2 The class of (j> -bounded submanifolds contains the class of cylindri- 
cally bounded submanifolds. 

2.2 Curvature estimates for -bounded submanifolds 

In this section, we extend the cylindrically bounded version of Jorge-Koutrofiotis's 
Theorem, Thm. ll.5l -ii. and the mean curvature estimates of Thm. ll.7l to the class 
of fa -bounded properly immersed submanifolds. These extensions are done in two 
ways. First: the class we consider is larger than the class of cylindrically bounded 
submanifolds. Second: there are no requirements on the growth on the second 
fundamental form as in Thm ll.5l We also should observe that although -bounded 
properly immersed submanifolds, (<p : M — > N x L) are stochastically complete, 
provided L has an Omori-Yau pair, see Section 01 we do not need that to prove the 
following result. 

2 Along the geodesies issuing from yo. 
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Theorem 2.3 Let (p : M — > N n x Z/ be a fa-bounded isometric immersion of a 
complete Riemannian m-manifold M with n — m < m — I — 1. If (p is proper and 
-G<b<0 then 

sup M K M > \b\ + infK N . (12) 

N 

With strict inequality sup M Km > inf^^Ar ifb = 0. 

Corollary 2.4 Let (p : M — > N n ~ ( x L f be a properly immersed, cylindrically bounded 
submanifold, (p(M) C B^(r) x L , where B^{r) is a regular geodesic ball of N. 
Suppose that n — m < m — t— 1. Then the sectional curvature of M satisfies the 
following inequality 

mpK M >C 2 b (r) + MK N , (13) 

M N 

where b = suq Bn ^ K™ d and Cb is defined in @. 

Our next main result extends the mean curvature estimates (0 to (j) -bounded 
submanifolds. 

Theorem 2.5 Let (p : M — > N n ~ e x Z/ be a fa-bounded isometric immersion of a 
complete Riemannian m-manifold M with m>£+\. If ' (p is proper then the mean 
curvature vector H = tr a of (p satisfies 

h' 

sup|#| > (m-£)- inf — (r)- (14) 

M re[o~) h 

If-G<b<Othen _ 

sup\H\ > (m-£)- y/\b\. (15) 

M 

With strict inequality sup M \H\ > ifb = 0. 

3 Proof of the main results 

3.1 Basic results 

Let M and W be Riemannian manifolds of dimension m and n respectively and 
let 9 : M — > W be an isometric immersion. For a given function g £ C°°(W) set 
f = goq> GC°°(M). Since 

(grad M /,X) = (gmd w g,X) 
for every vector field X 6 TM, we obtain 

grad g = grad / + (grad g) x 
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according to the decomposition TW = TM@T M. An easy computation using the 
Gauss formula gives the well-known relation (see e.g. Ifl4l ) 

Hess M /(X,F) = Hess w g(X,F) + (grad^, a(X,Y)) (16) 

for all vector fields X,Y G TM, where a stands for the second fundamental form of 
(p. In particular, taking traces with respect to an orthonormal frame {e\ , . . . ,e m } in 
TM yields 

m 

A M f = £Hess w g(e/,ei) + (gnd w g,H). (17) 

i=i 

where H = lZ =l a(e i ,e i ). 

In the sequel, we will need the following well known results, see the classical 
Greene-Wu lfl2l for the Hessian Comparison Theorem and Pigola-Rigoli-Setti's 
"must looking af'book E5 Lemma 2.13], see also [261, Thm.1.9] for the Sturm 
Comparison Theorem. 

Theorem 3.1 (Hessian Comparison Thm.) Let W be a complete n-manifold and 
p w (x) = dist^jco,*), xq G W fixed. Let D Xo =W \ ({xq} Ucut(^o)) be the domain 
of normal geodesic coordinates at xq. Let G E C ([0,°°)) and let h be the solution 
of (O. Let [0,R) be the largest interval where h > 0. Then 

i. If the radial sectional curvatures along the geodesies issuing from xq satisfies 

K' w ad >-G(p w ),inB w (R) 

then 

h' 

Hess^p < _(pj[(,)-dp®dp] onD Xo r\B w {R) 



ii. If the radial sectional curvatures along the geodesies issuing from xq satisfy 

Kf<-G(p w ),mB w (R) 

then 

h' 

Uess w p w > -(p)[(,)-dp»dp] onD Xo nB w (R) 

Lemma 3.2 (Sturm Comparison Thm.) Let Gi,G 2 G Lf oc (R), Gi < G 2 and h { 
and /z2 solutions of the following problems: 



a.) 



h'W-G^hit) < f h'i(t)-G 2 (t)h 2 (t) > 

fci(0)=0, ^(0) > h 2 (0)=0, h' 2 (0) > h[{0), 



(18) 

and let I\ = (0, S\ ) and I 2 = (0, S 2 ) be the largest connected intervals where h\ > 
and h 2 > respectively. Then 



1 



h\ hi, 

1. Si < S2- And on I\, — < and hi < hi- 
hi /i2 



2. Tf/ji (f ) = h2(t ), t G /i then hi = hi on (0,t o ). 



For a more detailed Sturm Comparison Theorem one should consult the beautiful 
book (M Chapter 2.]. If -G = b G R then the solution of h'l(t) - G-h b (t) = with 
/zi(O) = and ^(0) = 1 is given by 



h(t) 



1 



•sinh(\/^ftf) if ft < 



Vft 



• sin 



(Vbt) 



if ft 



if ft > 0. 



In particular, if the radial sectional curvatures along the geodesies issuing from 
xo satisfy K r w ad (x) < -G(p w (x)) < ft, x G B W (R) = {x,dist w (xQ,x) = p w (x) < R}, 
then the solution h of ©, satisfies (h'/h)(t) > (h' b /h b )(t) = C h (t), t G (0,R), R < 
n/2y/b, if ft > 0. Therefore, Hess^p^ > C b (p w ) [(,} -dp w 0dpJ. Likewise, 
if K™ d (x) > -G(p w (x)) > ft, x G B W (R) then (h'/h)(t) < C h (t), t G (0,/?) and 
Hess^p,,, <C fe (p w )[(,)-dp w edpJ. 



3.2 Proof of Theorem |23j 

Assume without loss that there exists a xo G M such that (p(xo) = (zo^o) G A 7 x L, 
Zo, yo the distinguished points of N and L. For each x G M, let (p(x) = (z(x),y(x)). 
Define g: N x L -)■ R by = $ h (p N (z)) + 1, recalling that <^(?) = f Q h(s)ds, 

and define f = go (p: M — > M by /(x) = g(<p(x)) = §h{p N {z{x))) + 1. For each 
& G N, set g,t(x) = f(x) - \ • log(p L (.y(x)) + 1). Observe that gk(xo) = 1 for all k, 
since p N (zo) = p L (yo) = 0- First, let us prove the item i. 

If x — > oo in M then (p(x) — >• oo in N x L since cp is proper. On the other hand, 
(p(M\K) C for some compact K CM and £ G (0,1). This implies that 

y{x) — > °° in L and 



&fc(*) 



1 



1 

^ < ic^(p i (Kx)) + i; 



log(p L (y(x)) + l) log( Pi (y(x)) + l) 

for p M (x) » 1. This implies that g k (x) < for p M (x) » 1. Therefore each g k 
reach a maximum at a point x k G M. This yields a sequence {x^} C M so that 
Uess M g k (x k )(X,X) < for all X G T X] M, this is, VX G T^M 

1 



Hess M /(x*)(X,X) < --Hess^ log(p L (?(**)) + 



(19) 
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Observe that log(p L (y(x k )) + 1) = log(p L o % L + 1) o q>(x k ), % L : N x L — > L the 
projection on the second factor, thus the right hand side of (fl9l) . using the formula 
(fTBT) . is given by 

Hess M log(p i ( 3 ;(x^) + l)(X,X) = Hess Wxi log(p i on L + l)((p(x k ))(X,X) 

(20) 

+ (grad WxL log(p L o7r i + l),a(X,X)) 

Where a is the second fundamental form of (p. For simplicity, set Y(t) = log(? + 1), 
Zk = z{x k ), y k = y(x k ), s k = p N {zk) and t k = p L {y k ). Decomposing X G TM as 
X = X N + X L G TN@TL, we see that the first term of the right hand side of <EQj is 

Hess iVxL VAop i o 3 ;(x (t )(X,X) = \/'(t k )\X L \ 2 + \/(t k )Uess L p L (y k ){X,X) 

< x/\ tk )\X L \ 2 + C_ A z(t k )^- (21) 

IX^I 2 

< C_ A 2(t k )- " 



(4+1)' 

since Hess L p L ( W )(X,X) < C_ A i(t k )\X N \ 2 (by TheoremED) and y" < 0. 
The second term of the right hand side of (1201 is 

(grad Wxt ^op L o 3 ;(x yt ),a(X,X)) = x/{t k ){gmd L p L (y k ),a{X,X)) 

5 hTTj l|a|MX|2 (22) 

From (|2T1) and (1221 we have the following 

Hess MV /op i o 3 ;(x )t )(X,X) < C -A 2 ^j+ll»ll .| y |2 (23) 
And from (fT9l) and d23b we have that 



Hess M/ (x,)(X,X) < l£^M±Ml m 2 (24 ) 

We will compute the left hand side of ( fT9l) . Using the formula ([Tol again we 
have 

Hess M f(x k ) = Hess WxL g(«p(x (t )) + (grad Nx .g,a) (25) 
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Recalling that / = go(p and g is given by g(z,y) = 0/ ! (p JV (z)), where ipf, is defined 
in (fTTT) and p N (z) = dist^{zo-,z)- Let us consider an orthonormal basis (1261 ) 



er/v 



eTL 



{gr a dp N ,d/de i ,...,d/dO n _ e _ 1 ,d/dy l ,...,d/d%} (26) 
for Tpf Xk \(N x L). Thus if X G T Xk M, \X\ = 1, we can decompose 



n-£-\ 



X = a-gradp w + £ bj ■ d/dOj + ^Ci- d/dy 

7=1 



i=l 



with a 2 + £" = { 1 fe 2 + £f =1 c? = 1. Recalling that ^ = p w (z(xjt)), we can see that 
the first term of the right hand side of (|25T ) 



n-e-i 



d d 



Hess„ xL g(<p(*))(X,X) = ^(s k )-a 2 + ^(s k ) £ ^ .Hess PiV ( Zyt )(— ,— ) 



7=1 /( 



• a 2 + (1 - a 2 - £c 2 ) • <fc) • \ (s k ) 
i=i " 



(K-YK)a 2 + (i-tc 2 ).^. h - 



h' 



(i-£c 2 )-fe) •-(,,) 



(=1 



Thus 



Hess„ xi g(<p(x))(X,X) > (1 - £c 2 ) • <fe) • 

(=i rt 



(27) 



The second term of the right hand side of d25l ) is the following 

<grad wxi £,a(X,X)> = <j>' h (s k )(gmd N p N (z k ),a(X,X)) 

> -ti(s k )\a(X,X)\ 
From <|25]>, (|27]>, (HHJ we have that, 



(28) 
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Hess M /(;t*)(X,X) > 



ti 



i=\ 



(29) 



Recall that n + £ < 2m — 1 . This dimensional restriction implies that m>£ + 2, 
since n>m+\. Therefore, for every x G M there exists a sub-space V x C T X M with 
dim(V Y ) >(m — £)>2 such that V _L TL, this is equivalent to c, = 0. If we take any 
1 we have by ((29]> that 



X G V Xk C T Xt M, |X 



(C_ A 2(*t) + |0(X,Z)|) 



Thus, reminding that (p' h = h, 
1 



>Hess M /(**)(X,X)> 



h 



(s k )-\a(X,X) 



<t>'h( s k) 



k(t k +l) 



+ h(s k ) 



\a(X,X)\>h'(s k )- 



k{t k + \) 



(30) 



Since — G < b < 0, we have by Lemma l3T2l (Sturm's argument) that the solution 
h of © satisfies (ti /h)(t) >Q,(t) > y/\b\ and that h(t) -t +oo asf->- +oo, where Q, 
is defined in (0]). Let us assume that x k — > oo in M, (the case Pm(^) < C 2 < oo will 
be considered later), then s k — > oo as well as ^ 
large k, we have at (p(x k ) that 



1 



fc(t t + l)*(jjfc) 



+ 1 



\a(X,X) 



> 



oo. Thus from (1301 . for sufficiently 

fc'Cs*) C_ A j(/ t ) 



Thus, at Xk and X G TV. M with IX 



> 
> 

1 we have 



|a(X,X)| > 



Cb(sk) 



k(t k + \)h(s k ) 



h(s k ) 
Cb(s k ) 


1 



k{t k + \)h(s k ) 



k(t k + \)h(s k ) 



+ 1 



>0. 



(31) 



(32) 



We will need the following lemma known as Otsuki's Lemma [ 15 , p. 28]. 



Lemma 3.3 (Otsuki) Let /3 : 



J , d < q — 1, be a symmetric bilinear 



form satisfying j3(X,X) ^ for X / 0. J/ien f/zere edsta linearly independent 
vectors X,Y such that j8(X,X) = fi(Y,Y) and /3(X,F) = 0. 

The horizontal subspace V Xk has dimension dim(V X/ J > m — £ > 2. Thus, by the 
inequality (l32l) and n — m<m — £—\ < dim(V Xk ) — 1, we may apply Otsuki's 
Lemma to afo) : V Xk x -»• T^M 1 - ~ R"~ m to obtain X,F G V Xk , \X\ > \Y\ > 1 
such that a(x^)(X,X) = a(^)(7,F) and a(^)(X,7) = 0. 
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By the Gauss equation we have that 

K M (x k )(X,Y)-K N ((p(x k ))(X,Y) 



{a(x k )(X,X),a(x k )(Y,Y)) 

\X\ 2 \Y\ 2 -{X,Y) 2 
\a(x k )(X,X)\ 2 



> 



|X| 2 |F| 2 

\a(x k )(X,X)\ 
|X|2 

X X 



a(x k ) 



This implies by (1321) that 



supA^M — inf^jv > 



h'{s k ) C_ A 2(t k ) 



h{s k ) k{t k + \)h{s k ) 



\XY\X\ 



1 



n -r 



k(t k + \)h(s k ) 



+ 1 



>0. 



Therefore, sup Km — mfK^ > regardless b = or b < 0. If & < we let k — > +°o 
and then we have 



sup Km — inf/^v > lim 



1*1 



(33) 



The case where the sequence {jc*} C M remains in a compact set, we proceed 
as follows. Passing to a subsequence we have that x k — > x^ G M. Thus ^ — > < °° 
and s k ->• 5co < °°. By (|24]> 



Hes S „/M(X,X) < Um (g^Wg^l =0 , (34) 



for all X G T XQ M. Using the expression on the right hand side of d29b we obtain for 
every X G V x „ 



0>Hess/(jE„„)(X,X) > 



ft' 



There exists a sub-space V* C T Y M with dim(V Y ) >(m-£)>2 such that V _L TIR f , 
this is equivalent to c, = 0. If we take any X G V Voo C T Xao M, \X\ = 1 we have hence 

// 

|a^(X,X)| > -( Soo )\X\ 2 . 
h 

Again, using Otsuki's Lemma and Gauss equation, we conclude that 

b! 

supK M — inf K N > —(soo) > \b\. (35) 

M B N (r) h 
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3.3 Proof of Theorem ES 

We will follow the proof of Theorem l2.3l closely. Recall that gk reaches a maximum 
at Xk G M, k = 1,2, . . ., thus so that A M gk{xk) < 0. Thus 

A M /(*iO <^A M (log( Pi o^+l)o^)). (36) 
Using the formula (fTTl) 

m 

A M (log(p i o7r i +l)o ( p(^)) = £Hess A , xL log(p Mf o7r i + l)(<p(^))(Z,-,X i ) 

i=i 

(37) 

+ (grad iVxL log(p L o 7 r i + l),//) 

where H = Y!i=\ oc(Xj,Xi) is the mean curvature vector while a is the second fun- 
damental form of the immersion (p and {X,} is an orthonormal basis of T Xk M. 

As before, decomposing X € TM as X = X N + X L £ TN @TL and setting 
\jf(t) = log(f + 1), yk = y(xk) and tk = p L {yk) we have that the right hand side of 

m m 

Y l ^^N-KLW°pL°y( x k){XuX i ) = \i/"(t k )Y,\xt\ 2 

i=i i=i 

m 



+ y/(f fe ) ^HessLpiCyjt)^/,^) 
i=i 



(38) 



^ C_ K l(t k ) ^ |v jy |2 

- 7^Tiy.e |x '' 1 ' 



< 



i=i 

m-C_ A 2(t k ) 
(tk+1) 



since y/' < and 

(grad^i/zop^);^),//) = x/(t k )(gradp L (y k ),H) 



< , 1 J #l (39) 



From 03), (|38j> and (f39j we have 



AMlog( Pi (3^)) + l) < m ' C "ff) +|g| ( 40 ) 
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And from (O and (001) we have that 



m-C_ K i{t k ) + \H\ 



(41) 



We will compute the left hand side of (1361) . Recall that / = g o <p and g is given 
by g(z,y) = <j)h(p N (z)), where is defined in (ITTb . Using the formula (fT71) again we 
have 

m 

A M f(x k ) = £Hess WxL g(<p(^))(X ! -,X i ) + (gradg,//) (42) 

Consider the orthonormal basis (1261) for ^^^(N x L). Thus if X; £ T^M, = 1, 
we can decompose 

n-l-\ t 

Xi = a r gradp N + £ b t] ■ d/dOj + j^cg ■ d /dji 
j=i i=i 



with 



+ VjJl 1 b jj + iLl c U = l - Set Z £ = Z ( X k) and S * = Pa- We haVe aS in 



Hess^ x ^(<p(x))(^,Z0 > (43) 

/=i rt 

The second term of the right hand side of (|42~1) is the following, if |X| = 1, 



(gcadg,H) = (j>' h {s k )(gradp N (zk),H) 



> 



(44) 



Therefore from d42l . d43l) , (1441 we have that, 



Am/(^) > 

From (t4TT > and (l45l ) we have 

m-C_ A i{tk) + \H 



II 



h' 



% + l) 



> A M /(^) > 



(m-^)-^(j*)-|» 



Therefore 



sup \H\ 

M 



1 



+ 1 



h' 



(45) 



<fc) (46) 
m-C_ K %(t k ) 



> (m-£)-—(s k )- 
" V ; kJ h{s k )-k-{t k + \) 
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Letting i->»we have 



sup \H\ > (m - 



M 



■lim-(^)- 

/t-»°o /I 



If in addition, we have that — G < b < then (h' /h)(s) > Cb{s). The case that 
b = we have (h' /h)(s k ) > 1 and /j(^) > Since the immersion is 0-bounded 
we have s| < 21og(fy + l)( 1_e '. Thus for sufficient large k 



sup \H\ 

M 



1 



■ + 1 



> 



m - 



m-C_ A 2(t k ) 

s k s k -k-{t k + l) 



_s k -k-(t k +l J 
This shows that sup M \H\ > 0. 

In the case b < 0, we have (h'/h)(s k ) > Cb(s k ) > y/\b\ and 

sup\H\ > {m-i)-Y\m^-{s k ) > J\b\. 

M k->™ h 



>0. 



Remark 3.4 T/je statements of Theorems I2.il a«<i 12.51 are also true in a slightly 
more general situation. This is, if, instead a proper ^-bounded immersion, one 
asks a proper immersion q>: M ^ N x L with the property 

Um <t>h{P N {z{x))) =Q 
x-+»HnM\og(p L {y{x)) + \) 

where (p(x) = (z(x),y(x)) eN x L. 



4 Omori-Yau pairs 

Omori, in [18], discovered an important global maximum principle for complete 
Riemannian manifolds with sectional curvature bounded below. Omori 's maxi- 
mum principle was refined and extended by Cheng and Yau, (H, |[28ll . |29l , to 
Riemannian manifolds with Ricci curvature bounded below and applied to find 
elegant solutions to various analytic-geometric problems on Riemannian manifolds. 
There were others generalizations of the Omori-Yau maximum principle under 
more relaxed curvature requirements in Q, iflOl and an extension to an all general 
setting by S. Pigola, M. Rigoli and A. Setti in their beautiful book 11231 . There, they 
introduced the following terminology. 

Definition 4.1 (Pigola-Rigoli-Setti) The Omori-Yau maximum principle holds on 
a Riemannian manifolds W if for any u G C 2 (W) with u* : = sup^ u < °°, there 
exists a sequence of points x k £ W, depending on u and on W, such that 

lim u(x k ) = u* , Igradwlfe) < -, Au(x k )<\. (47) 
k^<*> k k 
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Likewise, the Omori-Yau maximum principle for the Hessian holds on W if 

limu(x k )=u*, \gradu\(x k ) < -, Uess w u(x k )(X,X) < - ■ \X\ 2 , (48) 
for every X G T Xj W. 

A natural and important question is, what are the Riemannian geometries the Omori- 
Yau maximum principle holds on? It does hold on complete Riemannian manifolds 
with sectional curvature bounded below holds lfT8l . it holds on complete Rieman- 
nian manifolds with Ricci curvature bounded below (H, (281, |29 ] . Follows from 
the work of Pigola-Rigoli-Setti [23 ] that the Omori-Yau maximum principle holds 
on complete Riemannian manifolds W with Ricci curvature with strong quadratic 
decay, 

Ric w > -c 2 -p^-UU(^(p w + 1), Pw » 1. 

The notion of Omori-Yau pair was formalized in [3], after the work of Pigola- 
Rigoli-Setti. The Omori-Yau pair is, here, described for the Laplacian and for the 
Hessian however, it certainly can be extended to other operators or bilinear forms. 

Definition 4.2 Let W be a Riemannian manifold. A pair (G,y) of smooth functions 
Q: [0, +oo) -> (0, +oo), y: w^[0,+°o), g e (^([O.oo)), ye C 2 {[0,™)), forms an 
Omori-Yau pair for the Laplacian in W, if they satisfy the following conditions: 

h.l) y(x) — > +oo as x — > oo in W. 



r+°° ds 

h.2) G(0) > 0, G'(t) >0and / - = +°o. 

Jo ^fg{s) 

/ —7= + 1 ) ff a 

Jo v G ( s ) J 

compact set. 

h.4) 3B > constant such that A w y < BJG{y) I [ + 1 ] off a com- 

\Jo ^jGjs) J 

pact set. 

The pair (G, y) forms an Omori-Yau pair for the Hessian if instead h.4) one has 

h.5) 3C > constant such that Hess y < C^J G(y) [ / — -== + 1 J off a com- 

\Jo y/g(s) J 

pact set, in the sense of quadratic forms. 
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The result [23 , Thm.1.9] captured the essence of the Omori-Yau maximum 
principle and it can be stated as follows. 

Theorem 4.3 If a Riemannian manifold M has an Omori-Yau pair (Q,y) then the 
Omori-Yau maximum principle on it. 

The main step in the proof of Alias-Bessa-Montenegro's Theorem (Thm |1.5l > and 
Alias-Bessa-Dajczer's Theorem (Thm ll.7b is to show that a cylindrically bounded 
submanifold, properly immersed into N xL, with controlled second fundamental 
form or controlled mean curvature vector, has an Omori-Yau pair, provided L 
has an Omori-Yau pair. Thus, the Omori-Yau maximum principle holds on those 
submanifolds and their proof follows the steps of Jorge-Koutrofiotis's Theorem. On 
the other hand, the idea behind the proof of Theorems 12. 31 & [231 is that: the factor 
L has bounded sectional curvature it has a natural Omori-Yau pair {Q,y). This 
Omori-Yau pair together with the geometry of the factor N allows us to consider an 
unbounded region Q.^ such that if cp : M — > £20 C ./V x L is an isometric immersion 
then there exists a function / G C 2 (M), not necessarily bounded, and a sequence 
Xk G M satisfying Affok) < 1/k. We show that a properly immersed -bounded 
submanifold has an Omori-Yau pair for the Laplacian, provided the fiber L has 
an Omori-Yau pair for the Hessian. We show in Theorem 14.51 that an Omori- 
Yau pair for the Hessian guarantee the Omori-Yau sequence for certain unbounded 
functions, as this unbounded function / we are working. This leads to stronger 
forms of Theorem 12.3 1 & Theorem 12. 5 1 

Let M, N, L be complete Riemannian manifolds of dimension m, n — l and I, 
with distinguished points xq, zo and yo respectively. Suppose that K^ d < —G(p N ), 
G satisfying ([8]). Let h solution of (© and fa as in (fTTT) . Suppose in addition that L 
has an Omori-Yau pair for the Hessian (y, Q). Let Q.h,y t g{e) C x L be the region 
defined by 

£lh, y ,g{e) = {(z,y) £NxL: <j> h o p N ( z (x)) < [Y°Y(y(x))] l ~ e }, 
where w(t) = log ( / — f S + 1 ] . In this setting we have the following result. 

Theorem 4.4 Let <p: M — > N x L be a properly immersed submanifold such that 
(f>{M\K) C n^^^(e) for some compact K CM and positive e G (0, 1). 

1. IfK™ d < —G<b<0 and the codimension satisfies n — m<m — £— l then 

sup K M > \b\ +MK N . (49) 

M N 

With strict inequality sup M ^M > infAr^v ifb = 0. 
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2. Ifm>£ + lthen 

h' 

sup\H\>{m-£)- inf -(r)- (50) 

M re [o,<») h 

If-G<b<0then 

sup |^| > (m-l)- y/\b\. (51) 

M 

With strict inequality sup M \H\ > if b = 0. 

Assume without loss of generality that there exists xq 6 M such that <p(xo) = 
(zo,yo) & N x L. As before, <p(x) = (z(x),y(x)) and g,/?: Wxi^i given by 
g(z,y) = h(pN(z)) + v(y(y)), p(z,y) = v(y(y))- 

For each k £ N, let gk : M ^ R given by gk (x) = g o <p (x) — p o 9 (x) /£. Observe 
that gfc(xo) = 1 and for p M (x) » 1, we have that gu{x) < 0. This implies that gk 
has a maximum at a point xt, yielding in this way a sequence {x k } C M such that 
Hess M g/t(x£) < in the sense of quadratic forms. Proceeding as in the proof of 
Theorem 12. 3 1 we have that for X € T Xk M, 

Hess M go(p( Xk )(X,X) < -Ress M po(p( Xk )(X,X). (52) 

We have to compute both terms of this inequality. Considering once more the 
orthonormal basis (l26l > for T^,i x ^(N x L) we can decompose, X € T Xk M, \X\ = 1, 
(after identifying X with d(pX), as 

X = a-gmdp N + £ bj-d/ddj + Y^Ci-d/dYi 

7=1 i=l 

with a 2 + L"lf _1 ^ + Ef=i c? = 1. Setting = p# (zfo)), ft = y{y{x k )), we have 
as in (l29l ). 

Hess M go<p(x^)(X,X) = Hess, Vxi(? (<p(x^))(X,A:) + (grad WxL(? ,a(X,X)) 



> 



(l-E^-rW-loM 



4>'M (53) 
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Hess M po(p(x k )(X,X) = Uess NxL p((p(x k ))(X,X) + {gmd NxL p,a{X,X)) 
= y"(t k )(X,gmdj) 2 + \l/{t k )Hess L r(X,X) 



+ \l/{t k )(gmdj,a(X,X)} 



< i/fe)(Hess i7 (X,X) + |grad L 7|-|«(X,X)|) (54) 



< 



f « ds 



+ 1 



(C+A-\a(X,X)\) 



'k ds 



+ 1 



= C+A- \a(X,X)\, 

since y/" < 0. Taking in consideration the bounds (l53l) & (l54l . the inequality (l52l) 
yields, (^'(j) = 



k-h(s k ) 



+ 1 



|a(x,x)|>(l-£c?)-(^) 



k-h(s k ) 



(55) 



Under the hypotheses of item 1. we have that (h' /h)(s) > Cb(s) > \/\b\ and h(s) — )• 
m as s oo. Moreover, there exists a subspace V Xk C r V{ M, dimV Vi( . > 2, such that 
if X G then X = a • grad p,, + ^lf~ l bj-d/ddj. Therefore, for X eV Xk , \X\ = \, 
we have for k ^> 1. 



k-h(s k ] 



+ 1 



> 1*1 

> o. 



c 



k-h(s k ) 



(56) 



The proof follows exactly the steps of the proof of Theorem 12.3 1 and we obtain that 
sup M K M > \b\ + M N K N ifb<0 and sup M K M > inf w K N if b = 0. 

To prove item 2., take an orthonormal basis X\ ,...,X q ,...,X m G T Xk M, 



n-e-i 



X q = a q -gmdp N + £ b jq -d/ddj + ^c iq -d/dYi 

7=1 (=1 
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with a\ + £" = f 1 bj q + £f =1 c? = 1 . Tracing the inequality ([55]> to obtain 



A 

+ 1 



k-h(s k ) 



\H\ > {rn-tic\) h -{s k )-- C 



= li=l 



h(sk) 



> (rn-t)^)-^ (57) 

> 

for k 3> 1. If b = then = 1/j then, coupled with the estimate h(s) > s^, see 
[6], we deduce that sup M \H\ > 0. And if b < then Cb(s) > y/\F\ > 0, then letting 
k — > oo we have sup M |//| > (m — ^)y / |^[ > if b < 0. We can see these curvature 
estimates as geometric applications of the following extension of the Pigola, Rigoli, 
Setti ll23lThm.l.91. 

Theorem 4.5 Let W be a complete Riemannian manifold with an Omori-Yau pair 
(G, Y) for the Hessian (Laplacian). Ifu E C 2 (W) satisfies lim — = 0, where 

y(t) = log [ / — r= + 1 ] , then there exist a sequence G M, k E N such that 

\Jo ^fg{s) J 

A C B 

\gm& w u\(x k ) < -, Hess M/ «(x yt ) < - (A w u(x k ) < -) (58) 

If u* = sup M w < oo then u(x k ) — > u*. The constants A, B and C come from the 
Omori-Yau pair (G,y)> see Definition\ 



This result above should be compared with lETl Cor. Al.], due to Pigola, Rigoli, 
and Setti where they proved an Omori-Yau for quite general operators, applicable 
to certain unbounded functions with growth to infinity faster than ours. However, 
we could replace the distance function of their result by an Omori-Yau pair. It 
would be interesting to understand these facts. 

Assume that the Omori-Yau pair {G : y) is for the Hessian. The case of the 
Laplacian is similar. Fix a point xo E M such that y{ x o) > an d define for each 

k£N,g k : M^Rby g k (x) = u(x)- -\jf(Y(x)) + l-u(x )- j¥(y(xo))- We have 
that g k (xo) = 1 and g k (x) < for p w (x) = dist^xo,*) S> 1. Thus there is a point 
x k such that g k reaches a maximum. This way we find a sequence x k E M such that 
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for all X E T Xk W 



Utss w u(X,X) < -Uess w Y(Y)(X,X) 



[y"(y)(gmd w Y,X) 2 + i/(7)Hes Slv7 (X,X)] 



< - 



y ds 

o W) 



We used that y/' < and Hess w y(X,X) < C ^£(7) ( jf 



+ 1 



Igrad^^l = -Igrad^^y)! 



< 



< 



r 





+ 1 



S(r) 



£M 



+ 1 



4.1 Omori-Yau pairs and warped products 

Let (N,g N ) and (L,g L ) be complete Riemannian manifolds of dimension n — £ and 



^ respectively and % : L 



be a smooth function. Let (p: M — > Lx^N be an 



isometric immersion into the warped product Lx^N = (Lx N,ds 2 = g L + % 2 g N )- 
The immersed submanifold <p(M) is cylindrically bounded if ^y(<p(M)) C Bff{f), 
where 71^: L x Af — > N is the canonical projection in the A-factor and B^{f) is a 
regular geodesic ball of radius r of N. Alias and Dajczer in the proof of H Thm.l], 
showed that if cp is proper in L x N then the existence of an Omori-Yau pair for the 
Hessian in L induces an Omori-Yau pair for the Laplacian on M provided the mean 
curvature \H\ is bounded. We can prove a slight extension of this result. 

Lemma 4.6 Let <p: M — >■ Lx^N be an isometric immersion, proper in the first 
entry, where L carries an Omori-Yau pair (Q,y) for the Hessian, E C°°(L) is a 
positive function satisfying 



|gradlog^(y)| < In 



rr(y) ds 

3 7?^ 



: + l 



(59) 
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Letting (p(x) = (y(x),z(x)) and if 



( rlW)) ds \ 

|fl( " W)lsln U 7m + r m 

then M has an Omori-Yau pair for the Laplacian. In particular, M holds the Omori- 
Yau maximum principle for the Laplacian. 

The idea of the proof is presented in [4] and therefore will try to follow the same 
notation to simplify the demonstration. Let (Q,y) the Omori-Yau pair for the Hes- 
sian of L. Assume w.l.o.g. that M is non-compact and denote (p(x) = (y(x),z(x)). 
Define T(y,z) = y{y) and define &(x) = To <p = y(y(x)). We will show that (Q, ■&) 
is an Omori-Yau pair for the Laplacian in M. Indeed, let ft£Ma sequence such 
that qk — > oo in M as k — > +°°. Since q> is proper in the first entry, we have that 
y(lk) — > °° in L. Since = y{y{qk)) we have &{qk) — > °° as — > °° in M. 

We have that 

& ad L Xs ir r ( z >y) = g rad L r(z)- (6i) 

Since E, = To <p, we obtain at <p{q) 

grad T = (grad r) T + (grad T) L 
= grad M ^ + (grad ix ^r) ± . 

By hypothesis we have 

Igrad^K?) < \gmd L ^ N r\((p(q)) = \gmd L y\(y(q)) 

<-r(y(i)) ds 



out of a compact subset of M. 

Let T,SeTL,X,Y eTN and V Lx « w , V L and be the Levi-Civita connections 
of the metrics ds 2 = gi + % 2 gN, gL and respectively. It is easy to show that 
V^V = V L S T and V^T = V^X = T(r\)X where Tj = log ^ . Therefore, 



V r g rad Lx^ r = v r g rad L7 
V x * ? grad r = grad j{t])X. 
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Hence, 

Hess IX|Jv r(r,5) = Hess i7 (7\S), Hess ix ^r(r,X) = 

Hess IX|Jv r(X,y) = (grad i 7 7 ,grad L 7)(X,F). 

For any unit vector e G T q M, decompose e = e L + e N , where e L G T y r q \L and 
e N G T z (q)N. Then we have at (p(q) 

H ess ix ^r(e,e) = Hess L r(y(q))(e L ,e L ) + (grad i 7,grad i T])(v(^))k iV | 2 . 

On the other hand, Uess M ^(q)(e,e) = He,ss Lx ^ N T(e,e) + (grad Lx ^r, a(e,e)). There- 
fore, 

Hess M <§(g)(e,e) = Hess i 7(e i ,e i ) + (grad i 7,grad i T7)(z(^r))|/| 2 

(62) 

+ (grad y, <*(<?,<?)>. 



However, 



H ^^^w(r^ +i )' <63> 



out of a compact subset of L. By hypothesis, see (I59I ). 
(grad 7, grad 77) (v(<?)) < | grad y\ ■ | grad 77 1 



+ 1 In / —. == + 1*4) 



Considering (|63j) . (j64j) and (|62|) we have that (off a compact set) 

y ds \ ( rr ds 

+ 1 In / -== + 1 



+(grad i7 ,a(e,e)), 
for some positive constant C. Thus, by (|60|) it follows that 

'- V W '\Jo JW) j [Jo ^W) ) 

for some positive constant B. Concluding that (Q, is an Omori-Yau pair for the 
Laplacian in M. The proof of S Thm.l] coupled with Lemma l4~6l allows us to 
state the following technical extension of Alias-Dajczer's Theorem [4, Thm.l]. 
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Theorem 4.7 (Alias-Dajczer) Let (p: M — » L x^N be an isometric immersion, 
proper in the first entry, where L carries an Omori-Yau pair {Q, J) for the Hessian, 
% G C°°{L) is a positive function satisfying 

( rrty) ds \ 
| g radlo g5M |<l„^ 7W) ^)- (65) 

Letting <p(x) = (y{x),z(x)) and if 

( rrCvW) ds \ 

Suppose that <p(M) C {(y,z) '■ y G L, z G ^(r)} f/zen 

sup§|#| > (m-l)C h (r), 

M 

where b = sup B N ( r) ^ ad . 

Remark 4.8 77je Theorems I2.il <£ 12.51 should have versions for (^-bounded sub- 
manifold of warped product Lx^N. Specially interesting should be the Jorge- 
Koutrofiotis Theorem in this setting. We leave to the interested reader to pursue 
it. 



As a last application of Theorem l4.5l let N n+l = I x^P" the product manifold 
endowed with the warped product metric, / C R is a open interval, P" is a complete 
Riemannian manifold and £:/—>• R + is a smooth function. Given an isometrically 
immersed hypersurface q>: M n ->■ Af" +1 , define /z : M" ->• / the C°°(M n ) height 
function by setting h = Tij o (p, where 71/ : / x P — > I is a projection. This result 
below is a technical extension of [5, Thm.7] its proof is exactly as there, we just 
relaxed the hypothesis guaranteeing an Omori-Yau sequence. 

Theorem 4.9 Let cp : M" — > N n+l be an isometrically immersed hypersurface. If 
M n has an Omori-Yau pair {Q,J) for the Laplacian and the height function h 
hix) 

satisfies lim — . . .. = then 

sup\H\ >MfH{h), (67) 

M" M " 

with H being the mean curvature and !H(t) = ^—rr - 

pin 
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